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❜❛s❦❡t ♦❢ ❡q✉✐t② st♦❝❦s ♦♥ ✇❤✐❝❤ ❛ ❣❡♥❡r❛❧ ❊✉r♦♣❡❛♥ t②♣❡ ♦♣t✐♦♥ ♣❛②−♦✛
✐s ❝♦♥s✐❞❡r❡❞✳ ❯s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ✇❡ ❞❡r✐✈❡ ❛
❣❡♥❡r❛❧ ❢♦r♠❛❧ s♦❧✉t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ❝♦♥str✉❝t t❤❡
❢♦r♠❡r ❡①♣❧✐❝✐t❧② ✐♥ ❛ ❢❛✐r❧② r✐❝❤ s❡t ♦❢ ❢✉♥❝t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡✈❡❧♦♣ t✇♦
❞❡r✐✈❛t✐✈❡ ♦♣t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❣✐✈❡♥ ✐♥ ❝❧♦s❡❞−❢♦r♠✿ t❤❡ ✜rst ♦♣t✐♦♥ ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛❧❧✴♣✉t ♦♣t✐♦♥s✱ ✇❤✐❧❡
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■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ❛❞♦♣t t❤❡ ❛r❜✐tr❛❣❡ ❛r❣✉♠❡♥t ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ s❡♠✐♥❛❧ ♣❛♣❡r
❬✶❪ ✇✐t❤ t❤❡ ❛✐♠ t♦ ♣r♦✈✐❞❡ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ❛♥②
❊✉r♦♣❡❛♥ ♦♣t✐♦♥ ✇r✐tt❡♥ ♦♥ ❛ ❜❛s❦❡t ♦❢ st♦❝❦s✱ ✇❤♦s❡ ❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜②
❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❇❧❛❝❦−❙❝❤♦❧❡s ♠♦❞❡❧✳ ❚❤❡ s♦❧✉t✐♦♥
✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❡①♣♦♥❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r ❞❡✜♥✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞✐❢✲
❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P❉❊✮ ✐♥✈♦❧✈❡❞ ✐♥ ♣r✐❝✐♥❣✱ ②✐❡❧❞✐♥❣ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r
G ✇❤✐❝❤ ♣r♦❞✉❝❡s t❤❡ ♦♣t✐♦♥ ♣r✐❝❡ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛②−♦✛ ❢✉♥❝t✐♦♥✳ ❲❡
✐❞❡♥t✐❢② ❛ ✈❡r② ❧❛r❣❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s✱ ♦r r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥s✱ t❤❛t ❡st❛❜❧✐s❤❡s
t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♣❛②−♦✛s ✇❤✐❝❤ ❣r❛♥t ♥✉♠❡r✐❝❛❧ ♦r ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s
t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡r✐✈❛t✐✈❡ ♣r✐❝✐♥❣ ❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ r❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦✳
❲❡ ♥♦t❡ t❤❛t t❤✐s ❢❛♠✐❧② ❝♦✉❧❞ ❜❡ s❧✐❣❤t❧② ❡♥❧❛r❣❡❞ ❝♦♥s✐❞❡r✐♥❣ s✐♥❣✉❧❛r ❞✐str✐✲
❜✉t✐♦♥s✱ ❜✉t ✇❡ ❞♦ ♥♦t ❢✉rt❤❡r ❞✐s❝✉ss t❤✐s ♣♦✐♥t ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♣❛②♦✉t✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ r❛♥❞♦♠
s♦✉r❝❡s ❡♥t❡rs ✐♥t♦ t❤❡ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛ ❛✛❡❝t✐♥❣ t❤❡ ✈❛❧✉❡✳ ❲❡ ✜♥❛❧❧② ♣r♦✈✐❞❡
t✇♦ ❝❧♦s❡❞ ❢♦r♠ ❡①❛♠♣❧❡s ✇❤❡r❡✱ ✐♥ t❤❡ ✜rst ♦♥❡✱ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡
♣r♦❜❧❡♠ ♠✐❣❤t ❜❡ ❞✐sr❡❣❛r❞❡❞ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s t✉r♥ ♦✉t t♦ ❜❡ t❤❡ ❧✐♥❡❛r ❝♦♠✲
❜✐♥❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣❧❛✐♥ ✈❛♥✐❧❧❛ ♦♣t✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✇❡ ❞❡✈❡❧♦♣
❛ ♥♦✈❡❧ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥✱ t❤❡ χ2−♦♣t✐♦♥✱ ♦♥ ❛ ❜❛s❦❡t ♦❢ ❡q✉✐t② st♦❝❦s✳
❚❤❡ ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧
❇❧❛❝❦−❙❝❤♦❧❡s ♠♦❞❡❧ ❛♥❞ s❡t t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ❢♦r ❛♥② ❞❡r✐✈❛t✐✈❡ ✇r✐tt❡♥ ♦♥
t❤❡ ❡q✉✐t② ❜❛s❦❡t ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛r❜✐tr❛❣❡ ❛r❣✉♠❡♥t✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡
❞❡r✐✈❡ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ✐♥ ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✳
■♥ s❡❝t✐♦♥ ✹ ✇❡ ❞✐s❝✉ss t✇♦ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤r♦✉❣❤ ✇❤✐❝❤ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥s
❛r❡ ❢♦✉♥❞✳ ■♥ s❡❝t✐♦♥ ✺ ✇❡ ❞r❛✇ t❤❡ ❝♦♥❝❧✉s✐♦♥s✳
✷ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧
✷✳✶ ▼♦❞❡❧ ❙❡t✉♣
■♥ t❤✐s ✇♦r❦ ✇❡ ❢♦❧❧♦✇ ❬✶❪ ✐♥ ♠♦❞❡❧✐♥❣ t❤❡ st♦❝❦ ♣r✐❝❡s✳ ❚❤❡ ♠❛r❦❡t ♣r✐❝❡ ❞②✲
♥❛♠✐❝s ♦❢ ❛ s✐♥❣❧❡ ❡q✉✐t② st♦❝❦ ✈❛❧✉❡ ✐s ♠♦❞❡❧❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st♦❝❤❛st✐❝
❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊✮
dSt = St(µ dt+ σ dBt ), ✭✶✮
✇❤❡r❡ µ ❛♥❞ σ ❛r❡ r❡❛❧ ❝♦♥st❛♥ts r❡♣r❡s❡♥t✐♥❣ t❤❡ tr❡♥❞ ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡
st♦❝❦ ♣r✐❝❡ S✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss Bτ , τ ∈ [0, T ], ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❇r♦✇♥✐❛♥
♠♦t✐♦♥ ♦❜s❡r✈❡❞ ❢r♦♠ t✐♠❡ 0 t♦ t✐♠❡ T ✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✶✮✱ r❡❢❡rr❡❞ ❛s t❤❡
❇❧❛❝❦−❙❝❤♦❧❡s ♠♦❞❡❧✶✱ ✐s t❤❡ ❣❡♦♠❡tr✐❝ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ✐♥ ✜♥❛♥❝✐❛❧ t❡r♠s
✶❋r♦♠ ❛ st❛t✐st✐❝❛❧ ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t µ ❢♦r ❛ ❞✐✈✐❞❡♥❞−str✐♣♣❡❞
st♦❝❦ ✐s ✈❡r② ❞✐✣❝✉❧t✱ ②✐❡❧❞✐♥❣ ♥♦♥ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦ ♣❛r❛♠❡t❡rs ♦♥ ❤✐❣❤✲
❢r❡q✉❡♥❝② ❞❛t❛ s❛♠♣❧❡ ♦❢ ❛ ❧❛r❣❡ ❜❛s❦❡t✳ ❖t❤❡r r❡♠❛r❦s ❛❜♦✉t ✭✶✮ ❝♦♥✜♥❡❞ t♦ s❤♦rt✲t❡r♠
❤♦r✐③♦♥s✱ ❝♦♥s✐st ✐♥ t❤❡ ✇❡❧❧ ❞♦❝✉♠❡♥t❡❞ ✈♦❧❛t✐❧✐t② ❝❧✉st❡r✐♥❣ ♣❤❡♥♦♠❡♥♦♥ ❛♥❞ ❛ s❧✐❣❤t ❛s②♠✲
♠❡tr② ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥s ✭❝❢r✳ ❬✸❪✱ ❬✷❪✮✱ ✇❤✐❝❤ ❛r❡ ♥♦t r❡♣r♦❞✉❝❡❞ ❜② t❤❡
❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❙❉❊✳
✸
✐t st❛t❡s t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❝♦♠♣♦✉♥❞✐♥❣ ❧❛✇ ✐s s✉❜❥❡❝t t♦ ❛ ●❛✉ss✐❛♥
r❛♥❞♦♠ ♥♦✐s❡ ✇❤✐❝❤ ❛✛❡❝ts t❤❡ ❣r♦✇t❤ r❛t❡✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❡q✉✐t② st♦❝❦ ❜❛s❦❡t ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ r❡❢❡r❡♥❝❡ ✉♥❞❡r❧②✐♥❣✱
t❤❡ ❡q✉❛t✐♦♥ ✭✶✮ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢
t❤❡ s❡t ♦❢ ✐♥✈❡st♠❡♥t ♦♣♣♦rt✉♥✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❤♦♦s❡ t♦ ♠♦❞❡❧ t❤❡ ♠❛r❦❡t
♣r✐❝❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ st♦❝❦s ✇✐t❤ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❇❧❛❝❦−❙❝❤♦❧❡s ♠♦❞❡❧
t❤❛t ✐s ❞❡✜♥❡❞ ❛s {
dSjt = S
j
t (µj dt+ σj dW
j
t )
}
j=1,...,n
, ✭✷✮
✇❤❡r❡ Wj , j = 1, . . . , n ❛r❡ t❤❡ ❝♦rr❡❧❛t❡❞ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥s st❛rt✐♥❣ ❛t t =
0✱ ✇✐t❤ Bj0 = 0 ❛✳s✳ ✱ ∀j✳ ❚❤❡ ❝♦rr❡❧❛t❡❞ r❛♥❞♦♠ s♦✉r❝❡s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡
❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ Wt = Q · Bt ✇✐t❤ Q sq✉❛r❡✱ ❢✉❧❧ r❛♥❦ ❛♥❞ s✉❝❤ t❤❛t
Q =
[√
aii
]−1 ·U ❛♥❞ A = U ·U ′✱ A > 0✳ ❇② ❝♦♥str✉❝t✐♦♥✱ Q·Q′ ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥
♠❛tr✐① ♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts ❛♥❞ d
[
W i, W j
]
= ρijdt✳
❚❤❡ ❢✉❧❧ r❛♥❦ ❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❜❡ ❞r♦♣♣❡❞ ✇✐t❤♦✉t ♠❛❥♦r ♠♦❞✐✜❝❛t✐♦♥s✳
✷✳✷ ❘❡♣❧✐❝❛t✐♥❣ ♣♦rt❢♦❧✐♦
■♥ ♦r❞❡r t♦ ♣r✐❝❡ t❤❡ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥ ♦♥ t❤❡ ❥♦✐♥t ✈❛❧✉❡ ♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦✲
♥❡♥ts ❞❡s❝r✐❜❡❞ ✐♥ ✭✷✮✱ ✇❤✐❝❤ ♠❛t✉r❡s ❛t t✐♠❡ T ∈ R ❛♥❞ 1R ∼✶ ②❡❛r✱ ✇❡ ❡①♣❧♦✐t
t❤❡ ❛r❜✐tr❛❣❡ ❛r❣✉♠❡♥t ❛s ✐t ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❬✶❪ ❛♥❞ ❧❛t❡r ❢♦r♠❛❧✐③❡❞ ✐♥
❬✺❪✱ ❬✻❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s t♦ ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
✇❤♦s❡ s♦❧✉t✐♦♥ ②✐❡❧❞s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ s♦✉❣❤t ✜♥❛♥❝✐❛❧ ❞❡r✐✈❛t✐✈❡ ❛s ❛ ♣❛r❛♠❡✲
t❡r✐③❡❞ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡q✉✐t② ♣r✐❝❡s✳
❲❡ ✜♥❞ ✉s❡❢✉❧ t♦ ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ Xjt = log
(
Sjt
Sj
0
)
, ❛♥❞ t♦ ❡①♣r❡ss
t❤❡ ❞❡r✐✈❛t✐✈❡✬s ♣r✐❝❡ ✐♥ t❡r♠s ♦❢ t❤❡ ❣r♦✇t❤ ❢❛❝t♦rs ♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts
f(X1, . . . , Xn) r❛t❤❡r t❤❡♥ t❤❡✐r ♣r✐❝❡✳ ❊✈❡♥t✉❛❧❧② t❤❡ ♣r✐❝✐♥❣ ❢♦r♠✉❧❛ ❝❛♥ ❜❡
❝♦♥✈❡rt❡❞ ✐♥t♦ t❤❡ S ❞❡♣❡♥❞❡♥t ❢✉♥❝t✐♦♥ h = f ◦X✳
▲❡t Π ❜❡ t❤❡ ♣♦rt❢♦❧✐♦ ♠❛❞❡ ♦❢ ❛ s❤♦rt ♣♦s✐t✐♦♥ ✐♥ t❤❡ ❞❡r✐✈❛t✐✈❡ f ❛♥❞ ❡①♣♦s❡❞
t♦ t❤❡ n st♦❝❦s
{
Sj
}
j=1,...,n
Π =
n∑
j=1
∆jSj − f ⇒ dΠ =
∑
j∆jdSj − df,
✇❤❡r❡ ∆jSj ✐s t❤❡ ❝❛s❤ ❛♠♦✉♥t ✐♥✈❡st❡❞ ✐♥ t❤❡ ❡q✉✐t② st♦❝❦ j ❛t t✐♠❡ t✳ ❘❡❝✉r✲
s✐✈❡❧② ❛♣♣❧②✐♥❣ ■t♦✬s r✉❧❡ ❛♥❞ s❡tt✐♥❣ ∆j =
∂jf
Sj
✇❡ ❛r❡ ❛❜❧❡ t♦ ❣❡♥❡r❛t❡ ❛♥ ❛ss❡t
t❤❛t ✐s ❢r❡❡ ❢r♦♠ st♦❝❤❛st✐❝ ✈❛r✐❛t✐♦♥s✳ ■♥ ❛ ❢r✐❝t✐♦♥❧❡ss ✇♦r❧❞ t❤✐s ❛rt✐✜❝✐❛❧ ❛ss❡t
✇♦✉❧❞ ❣r♦✇ ❛t t❤❡ r✐s❦−❢r❡❡ r❛t❡ r ≥ 0✳ ❚❤❡r❡❢♦r❡✱ s❡t dΠ = rΠdt ❛♥❞ ❧❡t ∂j ❜❡
t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ xj ❛♥❞ ∂t ❜❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤
r❡s♣❡❝t t♦ t✐♠❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭P❉❊✮
∂tf = rf −
∑
j (r − σ2j/2) ∂jf − 12
∑
j
∑
kρjkσjσk∂
2
jkf,
✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥✳
❋✐♥❛❧❧②✱ ✇❡ r❡✈❡rs❡ t❤❡ t✐♠❡ ❛①❡s ❛♥❞ s❡t t¯ = T −t✱ ❛❝t✉❛❧❧② t✉r♥✐♥❣ t❤❡ t❡r♠✐♥❛❧
✹
♣❛②−♦✛ ❝♦♥❞✐t✐♦♥ ✐♥t♦ t❤❡ ❈❛✉❝❤② ♣r♦❜❧❡♠✳ ❲❡ ✇r✐t❡ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t ❢♦r♠ 

∂t¯f = −D (∂X) · f
f |t¯=0 = g.
✭✸✮
✇❤❡r❡ ✇❡ ❞❡✜♥❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦♣❡r❛t♦rD (∂X) = r−
∑
j αj∂j−1/2
∑
j
∑
k ρjkσjσk∂
2
jk✱
✇✐t❤ αj = (r − σ2j/2)✳ ❚❤❡ ❢✉♥❝t✐♦♥ g : X ∈ Rn 7→ g(X) ∈ R r❡♣r❡s❡♥ts t❤❡ ♣r❡✲
s❝r✐❜❡❞ ♣❛②−♦✛ ♣r♦✜❧❡✳
✸ ❉❡r✐✈✐♥❣ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥
❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❝♦♥str✉❝t ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✮ t❤❛t ❛❧✲
❧♦✇s ✉s t♦ ♣r✐❝❡ ❛♥❞ ❤❡❞❣❡ ❛♥② ❜❛s❦❡t ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ t②♣❡✱ ✇❤♦s❡
✉♥❞❡r❧②✐♥❣ ❞②♥❛♠✐❝s ✐s r❡♣r❡s❡♥t❡❞ ❜② ✭✷✮✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥
❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐♥ ✜♥❛♥❝✐❛❧ t❡r♠s ✐s r❡♣✲
r❡s❡♥t❡❞ ❜② t❤❡ ✜♥❛❧ ✭✐♥ t❤❡ r❡✈❡rs❡❞ t✐♠❡✮ ♣❛②−♦✛ ♦❢ t❤❡ ❜❛s❦❡t ♦♣t✐♦♥✳ ❆s
❛ r❡s✉❧t✱ t❤❡ ♦♣t✐♦♥ ❢♦r♠✉❧❛ ✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ t❡r♠✐♥❛❧ ♣❛②−♦✛ t❤r♦✉❣❤ t❤❡
❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ✭✻✮✳ ❈♦♥❞✐t✐♦♥s ✉♣♦♥ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ t❡r♠✐♥❛❧ ✈❛❧✉❡
❢✉♥❝t✐♦♥s ❛r✐s❡ ♥❛t✉r❛❧❧② ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ♦❢ s♦❧✈✐♥❣ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥✱ t❤✉s
❢♦r t❤❡ s❛❦❡ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✇❡ ✇✐❧❧ t❛❦❡ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥s ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡✳ ❆s ♣r❡✈✐♦✉s❧② r❡♠❛r❦❡❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡♥❧❛r❣❡
t❤✐s s❡t ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝❧❛ss ♦❢ ♣s❡✉❞♦−❢✉♥❝t✐♦♥s✳
❲❡ s❡t ✉♣ ♦✉r st✉❞② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ t❤❡♦r② ♦❢ ❞✐str✐❜✉t✐♦♥s✱ ❡①♣❧♦✐t✐♥❣
t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts t♦ ✐❞❡♥t✐❢② ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡
s♣❛❝❡ ♦❢ s♦❧✉t✐♦♥s✳ ❍❡♥❝❡✱ ✇❤❡♥ ♥♦t ❡①♣❧✐❝✐t❧② ♥♦t❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts
♠✉st ❜❡ t❛❦❡♥ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✐s
✉s❡❞✱ ❝❢r✳ ❬✶✵❪✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❋ (u) = uˇ
❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s D∗ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✱ S∗ t❤❡ s♣❛❝❡ ♦❢ t❡♠♣❡r❡❞
❞✐str✐❜✉t✐♦♥s✱ E∗ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ Z∗ :=
❋ (D∗)✳ ❲❡ ✇✐❧❧ ❛❧s♦ r❡❢❡r t♦ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ r❛♣✐❞ ❞❡s❝❡♥t S✱ t❤❡
s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡❧② s♠♦♦t❤ ❢✉♥❝t✐♦♥s E := C∞ ❛♥❞ t❤❡ s♣❛❝❡ ♦❢ ❧♦❝❛❧❧② s✉♠♠❛❜❧❡
❛♥❞ ❛❜s♦❧✉t❡❧② s✉♠♠❛❜❧❡ ❢✉♥❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧② ▲ 1
loc
❛♥❞ ▲ 1✳ ❆♥ ✐♥❞❡① t ✐s
❝♦♥✈❡♥t✐♦♥❛❧❧② ❛♣♣❡♥❞❡❞ t♦ t❤❡ s②♠❜♦❧ ♦❢ t❤❡ s♣❛❝❡ t♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ s✉♣♣♦rt
♦❢ ✐ts ❡❧❡♠❡♥ts ❜❡❧♦♥❣s t♦ Rn×T✱ ✇❤❡r❡ T := [0,∞)✳ ❲❤❡♥ t❤❡ f ∈ ● ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ t✐♠❡✱ t❤❡ ✐♥❞❡① t ✐s ❞r♦♣♣❡❞ ❛♥❞ supp f ⊆ Rn✳
✸✳✶ ❙♦❧✈✐♥❣ t❤❡ P❉❊
❲❡ s❡❛r❝❤ ❢♦r ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s D∗¯t ✱ t❤❡ ❞✉❛❧ ♦❢
Dt¯✳ ❚❤❡ s♦❧✉t✐♦♥ str❛t❡❣② ❝♦♥s✐sts ✐♥ ❝♦♥str✉❝t✐♥❣ ❛ ❝✉t−♦✛ ♦❢ t❤❡ ♣❛②−♦✛
❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥ ❡①t❡♥❞✐♥❣ t❤❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✳ ❲❤✐❧❡ ❞♦✐♥❣ s♦✱ ✇❡ ♠✉st
❝♦♥s✐❞❡r t❤❡ ♣❡❝✉❧✐❛r✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐♠❡ ♣❛r❛♠❡t❡r
❞❡♣❡♥❞❡♥❝②✳ ❚❤❡r❡❢♦r❡ ✇❡ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤ t❤❡ t✇♦ ❝❛s❡s✱ ✇❤❡r❡ t¯ ∈ (0, T ]
✺
❛♥❞ t¯ = 0✳ ❚❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ T → +∞ ✐s ♥♦t ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ✐♥
t❤❡ ✜♥❛♥❝✐❛❧ ♣❡rs♣❡❝t✐✈❡ ❜❡❝❛✉s❡ ✇❡ ❛❧✇❛②s ✜① ❛ ✭✜♥✐t❡✮ s❡tt❧❡♠❡♥t ❞❛t❡ ❢♦r
t❤❡ ♦♣t✐♦♥✳ ❲❡ ♥♦t✐❝❡ t❤❛t ✐♥ ♦r❞❡r ❢♦r t❤❡ ❡q✉❛t✐♦♥ t♦ ❤❛✈❡ ❛ s♦❧✉t✐♦♥✱ t❤❡
❞❡r✐✈❛t✐✈❡✬s ♣r♦✜❧❡ ❛t ♠❛t✉r✐t② ❛s ❛ ❢✉♥❝t✐♦♥ g : Rn → R ♠✉st ❧✐❡ ✐♥ ❛ s✉✐t❛❜❧❡
s✉❜s♣❛❝❡ ♦❢ D∗✳ ▲❡t ❑ =
{
e−‖x+α˜‖
2
}
α˜∈R
❜❡ ❛ ♣❛r❛♠❡tr✐❝ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s
♦❢ r❛♣✐❞ ❞❡s❝❡♥t✱ t❤❛t ✐s ❑ ⊂ S✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ g ✐s ✐♥ ▲ 1
loc
❛♥❞ ✐s s✉❝❤ t❤❛t
gh ∈ ▲ 1, ∀h ∈ ❑ .
❆ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❧❛st st❛t❡♠❡♥t t♦ ❜❡ ✈❡r✐✜❡❞✱ ✐s t❤❛t g ❤❛s ❛♥ ❛♣♣r♦♣r✐❛t❡
❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t②✳ ▲❡t ❆ ❜❡
❆ =
{
g ∈ ▲ 1
loc
: g ∈ O
(
‖x‖−αe‖x‖2
)
, α > n
}
.
■t ✐s ✉♥❞❡rst♦♦❞ t❤❛t ✐❢ g ∈ ❆ ⇒ gh ∈ ▲ 1, ∀h ∈ ❑ ❜② ▲❡❜❡s❣✉❡✬s ❞♦♠✐✲
♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡r❡❢♦r❡✱ ✇✐t❤✐♥ t❤❡ ❞❡s❝r✐❜❡❞ s❡t✉♣✱ ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥
t♦ s♦❧✈❡ t❤❡ ♣r♦t♦t②♣❡ ❡q✉❛t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t g ∈ ❆ ❛♥❞ P (ξ) = δ + α · ξ + 1/2 ξ ·Ω · ξ✱ ✇✐t❤ ξ ∈ Cn ❛
♣♦❧②♥♦♠✐❛❧ s✉❝❤ t❤❛t Ω > 0 ❛♥❞ V =
√
Ω✳ ❚❤❡ s♦❧✉t✐♦♥ f ∈ D∗¯t ♦❢ t❤❡ ❡q✉❛t✐♦♥

∂t¯f = P (∂X) · f
f |t¯=0 = g
✭✹✮
✐s t❤❡ f s✉❝❤ t❤❛t
f = (G ⋆ g) eδt¯ ✭✺✮
✇❤❡r❡ G ✐s t❤❡ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥
G = |V |
−1
√
2pit¯
n e−
1
2t¯‖X˜‖2 ✭✻✮
❛♥❞ X˜ = (V ′)−1 · [X + t¯α]✳
Pr♦♦❢✳ ❙❡❡ t❤❡ ❛♣♣❡♥❞✐①✳
❲❡ ❢✉rt❤❡r ♥♦t✐❝❡ t❤❛t ❡q✉❛t✐♦♥ ✭✹✮ ❛❞♠✐ts ❛ st❡❛❞② st❛t❡ ❜❡❤❛✈✐♦r ✇❤❡♥
δ ≤ 0 ✐♠♣❧②✐♥❣ f t♦ ❝♦♥✈❡r❣❡ t♦ t❤❡ ③❡r♦ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ ✇❡ ❧❡t t¯→ +∞✳
✸✳✷ ❉❡r✐✈❛t✐✈❡ Pr✐❝✐♥❣
❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ s♦❧✈❡ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ✭✸✮ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡
h(T − t, S)✳ ❚❤❡ ♠❛✐♥ st❡♣ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ❝♦♥s✐sts ✐♥ ❝♦♥✈❡rt✐♥❣ t❤❡ ✐♥✐t✐❛❧
♣❛②−♦✛✱ ✇❤❡♥❡✈❡r ❡①♣r❡ss❡❞ ✐♥ ♣r✐❝❡ ❧❡✈❡❧s✱ ✐♥t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❞❡♣❡♥❞❡♥t
❢✉♥❝t✐♦♥s g (X)✱ ❜② ♠❡❛♥s ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ S = S0e
X ✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧②
✸✳✶ ❛♥❞ ♦❜t❛✐♥ ❛ ❞❡r✐✈❛t✐✈❡ ♣r✐❝❡✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♠♦r❡ ❤❛♥❞②✱ ✇❡ ♥❡❡❞
❢✉rt❤❡r t♦ r❡✈❡rs❡ t❤❡ t✐♠❡ ❞✐r❡❝t✐♦♥ ❛♥❞ s❡t t = T − t¯✳ ❲❡ ❝❛♥ ❡❛s✐❧② ❢♦r♠✉❧❛t❡
t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s②♠❜♦❧✐❝ tr❛♥s❢♦r♠❛t✐♦♥
f = h ◦ t ◦ S✳ ❚❤❡r❡❢♦r❡✱ ❧❡t g ∈ ❆
✻
❈♦r♦❧❧❛r② ✸✳✶✳ ❚❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ f (t¯, X) ✇r✐tt❡♥ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❜❛s❦❡t {Sj}j=1,...,n ✇❤✐❝❤ ♣❛②s ♦✉t g (X) ❛t ♠❛t✉r✐t② ❚✱ t❤❛t ✐s t¯ = 0✱ ✐s
t❤❡ f s✉❝❤ t❤❛t
f = (G ⋆ g) e−rt¯ ✭✼✮
Pr♦♦❢✳ ❚❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✭✸✳✶✮✳
❚❤❡ ❝♦r♦❧❧❛r② ✸✳✶ ❛❧❧♦✇s t♦ ❝♦♥str✉❝t ♥✉♠❡r✐❝❛❧ ❛♥❞✴♦r ❝❧♦s❡❞−❢♦r♠ s♦❧✉t✐♦♥s
❢♦r ❛♥② ❞❡r✐✈❛t✐✈❡ ✇r✐tt❡♥ ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❜❛s❦❡t✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ st❛t✐st✐❝❛❧
♠❡❛s✉r❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❙❉❊ ✭✷✮✱ t❤❡ ♣r✐❝❡ ♦❢ ❛♥② ❞❡r✐✈❛t✐✈❡ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ t❡r♠✐♥❛❧ ♣❛②−♦✛
g (XT )✱ ❜② t❤❡ ❢♦r♠✉❧❛ ✭✼✮✳ ■❢ ♥❡❝❡ss❛r②✱ t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥ ♠✐❣❤t ❜❡ ❝♦♥✈❡rt❡❞
❜❛❝❦ t♦ t❤❡ h = f ◦ t¯ ◦X✳
✼
✹ ❆♣♣❧✐❝❛t✐♦♥s
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✇❡ ❞❡✈❡❧♦♣ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ♣r♦✈✐❞❡ ❝❧♦s❡❞−❢♦r♠
s♦❧✉t✐♦♥s✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✐t ✐s ❡✈✐❞❡♥t ❤♦✇ t❤❡ ♣❛②−♦✛ ❢✉♥❝t✐♦♥ ♠✐❣❤t ✐♠♣❛❝t
t❤❡ ❢♦r♠✉❧❛ ✐♥ t❡r♠s ♦❢ t❤❡ ❥♦✐♥t ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts✱ ❡✈❡♥✲
t✉❛❧❧② ❝❧❡❛r✐♥❣ ♦✛ t❤❡ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐t❡♠s✳ ❚❤❡ s❡❝♦♥❞
❛♣♣❧✐❝❛t✐♦♥ ✐s ❛ ♥♦✈❡❧ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♦♥✳
✹✳✶ ❈❧❛ss✐❝❛❧ ❜❛s❦❡t ♦♣t✐♦♥
■♥ t❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ p ✇✐❧❧ ❛❧❧♦✇ t♦ ♣❛rt✐t✐♦♥ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❡q✉❛t✐♦♥ ✭✹✮ ✐♥t♦ ♣❛rt✐❝✉❧❛r❧② s✐♠♣❧❡ ✐♥t❡❣r❛❧s t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤
t❤❡ ♠❡t❤♦❞ ♦❢ s❡❝t✐♦♥s✱ ❝❢r✳ ❬✾❪✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❇❧❛❝❦−❙❝❤♦❧❡s
❢♦r♠✉❧❛ t✉r♥s ♦✉t t♦ ❜❡ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❧❛ss✐❝ ❡q✉✐t② ♦♣t✐♦♥s✳
▲❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ♦♣t✐♦♥ ♣❛②s ♦✉t ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①❝❡ss
r❡t✉r♥ ♦♥ ❛ ✉♥✐t❛r② ✈❛❧✉❡ ❞❡♣❡♥❞❡♥t ♦♥ ❛ ❝♦❡✣❝✐❡♥t a✱ t❤❛t ✐s
p =
∑
j
φj


Sj − Sj0ea, Sj > Sj0ea
0, Sj0e
−a < Sj ≤ Sj0ea
Sj0e
−a − Sj , Sj ≤ Sj0e−a
, ✭✽✮
✇❤❡r❡ φj ∈ R ❛r❡ ♠✉❧t✐♣❧✐❡rs✳ ❊q✉❛t✐♦♥ ✭✽✮ ✐♠♣❧✐❡s t❤❛t ♦♥ ❡❛❝❤ s✐♥❣❧❡
t❡r♠✐♥❛❧ ❝♦♥❞✐t✐♦♥✱ t❤❡ ♦♣t✐♦♥ ♣❛②s ♦✉t t❤❡ ❛❜s♦❧✉t❡ ❡①❝❡ss ✈❛r✐❛t✐♦♥ ✐❢ t❤❡
✉♥❞❡r❧②✐♥❣ ♣r✐❝❡ ❡①❝❡❡❞s ±a ❧♦❣−r❡t✉r♥ ♦♥ ❡❛❝❤ s❡tt❧❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡✳ ❙❡❡♥ ❢r♦♠
❛♥♦t❤❡r ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦♥ ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ t❤❡ ♦♣t✐♦♥ ♣❛②s−♦✉t t❤❡ ❛❜s♦❧✉t❡
✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❜♦✉♥❞❛r② str✐❦❡s K±j = S
j
0e
±a✳
❆♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ✭✻✮ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ g = p ◦ S✱ ✇❡ ❢♦r♠❛❧❧② ♦❜t❛✐♥
t❤❡ ♦♣t✐♦♥ ♣r✐❝❡✳ ❚❤❡♥✱ ❡❛❝❤ ❝♦♥✈♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ✐♥t❡❣r❛❧s ♦❢
✢❛ts ♦rt❤♦❣♦♥❛❧ t♦ ❡❛❝❤ jth ❛①❡s✱ t❤❛t ✐s
f = e−rt¯
∑
j φjS
j
0
{∫
Ω+
j
(exj − ea)Gt¯ +
+
∫
Ω0
j
Gt¯ +
∫
Ω−
j
(e−a − exj )Gt¯
} ✭✾✮
✇❤❡r❡ Ω+j ✱ Ω
0
j ✱ Ω
−
j ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s❡❝t♦rs ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ e
j ·
X > a✱ −a < ej ·X ≤ a✱ ej ·X ≤ −a ❛♥❞ ej ✐s t❤❡ jth ❝❛♥♦♥✐❝❛❧ ✈❡❝t♦r✳
❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧♦s❡❞ ❢♦r♠ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞
f =
∑
j φjS
j
0
{
exjF (α1j)− e−rt¯+aF (ω1j) +
+ e−rt¯−aF (ω2j)− exjF (α2j)
} ✭✶✵✮
t❤❡ ❢✉♥❝t✐♦♥s F (·) ❜❡✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ st❛♥❞❛r❞
♥♦r♠❛❧ ✈❛r✐❛❜❧❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs α ❛♥❞ ω ❛r❡✱ r❡s♣❡❝t✐✈❡❧②
✽
α1j =
−a+Xj+(r+σ2j/2)t¯
σj
√
t¯
ω1j =
a+Xj+(r+σ2j/2)t¯
σj
√
t¯
α2j =
a−Xj−(r−σ2j/2)t¯
σj
√
t¯
ω2j =
−a−Xj−(r−σ2j/2)t¯
σj
√
t¯
❛♥❞✱ ✐♥ t❤❡ ✉s✉❛❧ ❇❧❛❝❦−❙❝❤♦❧❡s ♥♦t❛t✐♦♥
Xj = log
Sj
Sj
0
Sj0e
±a = K±j
❚❤❡ ❢♦r♠✉❧❛ ✭✶✵✮ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❛❧❧ ❛♥❞ ♣✉t s✐♥❣❧❡✲st♦❝❦ ♦♣t✐♦♥s✱ ❡❛❝❤ ♦❢
✇❤✐❝❤ ❤❛s ❜❡❡♥ ✇r✐tt❡♥ ♦♥ t❤❡ jth st♦❝❦ ❛♥❞ ♣❛②✐♥❣ ♦✉t ✉♥✐t❛r② ❡①❝❡ss r❡t✉r♥s
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ str✐❦❡s Sj0e
a ❛♥❞ Sj0e
−a✳
■t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❡q✉❛t✐♦♥ ✭✶✵✮✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❢♦r♠ ♦❢
g✱ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s t❤❛t
❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✉♥❞❡r❧✐♥❣s✳ ❚❤❡ ✜♥❛❧ ❢♦r♠✉❧❛ r❡s✉❧ts ✐♥ ❛ ❧✐♥❡❛r
❝♦♠❜✐♥❛t✐♦♥ ♦❢ str❛❞❞❧❡−❧✐❦❡ ♦♣t✐♦♥s ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ♣❛②✐♥❣ ✉♥✐t❛r② ✈❛❧✉❡ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ✐♥−t❤❡−♠♦♥❡② ✐♥t❡r✈❛❧ t❤❛t ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ a ❝♦❡✣❝✐❡♥t✳
■♥s✐❞❡ t❤❡ ❤②♣❡r❝✉❜❡ t❤❛t ❡♥❝❧♦s❡s t❤❡ ♦r✐❣✐♥ ✐♥ t❤❡X s♣❛❝❡✱ t❤❡ ♦♣t✐♦♥ ♣❛②−♦✉t
✐s ✵✱ ✇❤❡r❡❛s ♦✉ts✐❞❡ t❤✐s ♥❡✐❣❤❜♦r❤♦♦❞ t❤❡ ♦♣t✐♦♥ ♣❛②s ♦✉t ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
❧✐♥❡❛r❧② ✐♥❝r❡❛s✐♥❣ r❡t✉r♥s ✐♥ ❛♥② ❞✐r❡❝t✐♦♥✳
■♥ ✜❣✉r❡ ✶ ✇❡ ♣❧♦t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✭✶✵✮ ✐♥ t❤❡ ❳ s♣❛❝❡✱ ✇✐t❤ ✷ st♦❝❦s✱
a = 0.03✱ σ = 0.2✱ r = 0.02 ❛♥❞ T − t = 1.5✱ 1✱ 0.5 ❛♥❞ 0.0001✳
✹✳✷ ❚❤❡ χ2−♦♣t✐♦♥
❲✐t❤ t❤❡ s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ♦♣t✐♦♥ ♦♥ ❛♥ ❡q✉✐t② ❜❛s❦❡t ✇❤♦s❡
❞②♥❛♠✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❇❧❛❝❦−❙❝❤♦❧❡s ♠♦❞❡❧✳ ❊①♣❧♦✐t✐♥❣ ❛
r❡s✉❧t ❜❛s❡❞ ♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✐str✐✲
❜✉t✐♦♥s ❛♥❞ t❤❡ ♣❡❝✉❧✐❛r ❞❡s✐❣♥ ♦❢ t❤❡ ♣❛②−♦✛ ❢✉♥❝t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛
❝❧♦s❡❞−❢♦r♠ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r✐❝✐♥❣ ❡q✉❛t✐♦♥✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❝❡❞✉r❡ ✇❡ ✜①
t❤❡ ❞❡r✐✈❛t✐✈❡ ♣r✐❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts✳
▲❡t A = PΛP ′ ❜❡ t❤❡ t✐♠❡ ✉♥✐t❛r② ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣r♦❝❡ss Wt✱
✇❤❡r❡ P ❛♥❞ Λ ❝♦♥t❛✐♥ r❡s♣❡❝t✐✈❡❧② t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡
s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① A✳ ❉❡✜♥❡ t❤❡ ❡❧❧✐♣t✐❝ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡
♣♦✐♥t x∗ ❛s
❊ =
{
x ∈ Rn : ‖z‖2 ≤ 1, z =
[√
Λτ
]−1
P ′(x− x∗)
}
.
■♥ ✜❣✉r❡ ✷ ✇❡ s❤♦✇ t❤❡ s❡t ❊ ✇✐t❤ n = 2✱ τ = 0.5✱ t❤❡ ♣♦✐♥t x∗ = (+10%, +10%)
❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
A =
[
0.04 0.02
0.02 0.04
]
✾
✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ρ = 0.5 ❛♥❞ ②❡❛r❧② ✈♦❧❛t✐❧✐t✐❡s
σj = 20%, j = 1, 2✳
◆♦✇✱ ✇❡ s❡❛r❝❤ ❢♦r t❤❡ ♣r✐❝❡ ✐♥ t ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡P∗ ♣❛②✐♥❣ ♦✉t t❤❡ ✈❛❧✉❡ g(X)
✐❢ ❛t t❤❡ ❡①♣✐r❛t✐♦♥ t✐♠❡ T t❤❡ st♦❝❤❛st✐❝ ❣r♦✇t❤ ✈❡❝t♦r Xt = log (St/S0) ❧✐❡s ✐♥
❊ ✳ ❚❤❡ ♣❛②−♦✛ ♣r♦✜❧❡ ❢✉♥❝t✐♦♥ g (X) ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t
g(x) =


K
[
eφ(1−‖z‖
2) − 1
]
, x ∈ ❊
0, x ∈ Rn \ ❊
✭✶✶✮
✇❤❡r❡ K ✐s t❤❡ ♦♣t✐♦♥ ♥♦t✐♦♥❛❧ ✈❛❧✉❡ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t φ > 0✳ ■♥ ✜❣✳ ✸ ✇❡
s❡❡ t❤❡ ♣❛②−♦✛ ♦♣t✐♦♥ ✈❛❧✉❡✱ ✇✐t❤ φ = 0.4 ❛♥❞ K = 1✳ ❚❤❡ s♦✉❣❤t ♦♣t✐♦♥
❞❡❧✐✈❡rs ❛ ♣r♦❣r❡ss✐✈❡❧② ✐♥❝r❡❛s✐♥❣ ♣❛②♠❡♥t ❛s ♠✉❝❤ ❛s t❤❡ ❜❛s❦❡t ❝♦♠♣♦♥❡♥ts
♣❡r❢♦r♠❛♥❝❡ ✐s ❝❧♦s❡r t♦ x∗ ❛t ♠❛t✉r✐t②✳ ❚❤❡ s❡t ♦❢ ♣♦✐♥ts ✇❤❡r❡ t❤✐s ♣❛②♠❡♥t ✐s
♥♦t ♥✉❧❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❡❧❧✐♣t✐❝ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x∗✱ ♦r✐❡♥t❡❞ ❜② t❤❡ ❛♥❣❧❡s ♦❢
t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❢r❛♠❡ ❛♥❞ s❝❛❧❡❞ ❜② t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♣❛r❛♠❡t❡rs✳ ❆t ♠❛t✉r✐t②✱
♦✉ts✐❞❡ t❤❡ s❡t ❊ t❤❡ ♦♣t✐♦♥ ✐s ✇♦rt❤ ♥♦t❤✐♥❣✳
❚❤❡ ♣r✐❝❡ f (t¯, X) ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ P∗ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡
♦♣❡r❛t♦r
(
Gt¯ e
−rt¯) (⋆) t♦ t❤❡ ♣❛②−♦✛ ♣r♦✜❧❡ ❢✉♥❝t✐♦♥ g✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ✜♥❛❧❧②
st❛t❡
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ ♣r✐❝❡ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ P∗ ✇r✐tt❡♥ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❜❛s❦❡t {Sj}j=1,...,n ✇❤✐❝❤ ♣❛②s ♦✉t g (X) ❛t ♠❛t✉r✐t② ❚✱ ✐s t❤❡ f s✉❝❤ t❤❛t
f =
[
α
n
2 eφ(1−ακ0)Fχ2
2
(θ2)− Fχ2
1
(θ1)
]
Ke−r(T−t) ✭✶✷✮
✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs α =
(
1 + 2φθ1
)−1
✱ θ1 =
τ
T−t ✱ θ2 =
θ1
α ✱ κ0 = ‖η‖2 ❛♥❞ t❤❡
❞❡♥s✐t✐❡s χ2
1
= χ2 (n, κ1)✱ χ
2
2
= χ2 (n, κ2)✱ ✇✐t❤ κ1 = θκ0 ❛♥❞ κ2 = ακ1✳ ❚❤❡
✈❡❝t♦r η ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣♦rt❢♦❧✐♦ ♣❡r❢♦r♠❛♥❝❡
η =
[√
Λτ
]−1
P ′
[
X − x∗ + (T − t) (rι− 12 diagA)]
Pr♦♦❢✳ ❙❡❡ t❤❡ ❛♣♣❡♥❞✐①✳
✇❤❡r❡ F ✐s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦♥−❝❡♥tr❛❧ χ2 (n, κ)
✇✐t❤ n ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛♥❞ ♥♦♥ ❝❡♥tr❛❧✐t② ♣❛r❛♠❡t❡r κ✳ ■♥ ✜❣✳ ✹ ✇❡ ♣❧♦t
t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✭✶✷✮ ✐♥ t❤❡ ❳ s♣❛❝❡✱ ✇✐t❤ ✷ st♦❝❦s✱ a = 0.03✱ σ = 0.2✱
r = 0.02 ❛♥❞ T − t = 0.5✱ 0.3✱ 0.1 ❛♥❞ 0.001✳ ❲❡ r❡♠❛r❦ t❤❛t t❤❡ ♦♣t✐♦♥ r❡t✉r♥
❛t ♠❛t✉r✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✈❡❝t♦r ♣♦✐♥t ✇♦✉❧❞
❢❛❧❧ ✇✐t❤✐♥ t❤❡ ❡❧❧✐♣t✐❝ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x∗✳ ❆s ❛♥② ♦t❤❡r ♦♣t✐♦♥✱ t❤❡ ♣r✐❝❡ ♦❢
t❤❡ χ2−♦♣t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ r❡❢❡r❡♥❝❡ ❡✈❡♥t ❤❛♣♣❡♥s ✐♥
T − t ②❡❛rs✳ ❚❤✐s ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞✳ ■♥ ❢❛❝t✱ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ Xt ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❊−♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x∗ ✐s
✶✵
P {Xt ∈ ❊ |X0} =
∫
‖u−√θζ‖2≤θ
du
e−
1
2‖u‖2√
2π
n = Fχ2 (θ) , ✭✶✸✮
✇✐t❤ χ2
(
n, θ‖ζ‖2)✱ θ = τ/t ❛♥❞ t❤❡ ♣♦✐♥t ζ = [√Λτ]−1 P ′ (x∗ + 12 t diagA)
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✐♥ ✭✶✸✮✳ ■❢ ✇❡ s❡t✱ ❢♦r ✐♥st❛♥❝❡✱ t = 1 t❤❡♥
F = 0.179 ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♦♣t✐♦♥P∗ ❜❡✐♥❣ ✐♥−t❤❡−♠♦♥❡② ✐♥ ♦♥❡ ②❡❛r✳
❊✈❡♥t✉❛❧❧②✱ t❤❡ ♦♣t✐♦♥ ❢✉♥❝t✐♦♥ tr❛♥s❢♦r♠ ✐♥t♦ ♠♦♥❡t❛r② ✈❛❧✉❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
❝♦♥t❡♥t ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ♠❛♣♣✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛rr❛② ♦❢ t❤❡
❜❛s❦❡t ❝♦♠♣♦♥❡♥ts✳
✺ ❈♦♥❝❧✉s✐♦♥s
■♥ t❤✐s ♣❛♣❡r ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛♥ ❛♣♣r♦❛❝❤ t♦ ❝♦♥str✉❝t t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡
♣r♦❜❧❡♠ ♦❢ ♣r✐❝✐♥❣ ❛♥ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥ ✐♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❇❧❛❝❦−❙❝❤♦❧❡s
♠♦❞❡❧✳ ❚❤❡ ♦♣t✐♦♥ ♣r✐❝❡ ✐s ♥♦t ♦♥❧② ❛ ❧♦❝❛❧ s♦❧✉t✐♦♥✱ ❜✉t ✐t ✐s ❡①t❡♥❞❡❞ t♦ t❤❡
❝♦♠♣❧❡t❡ ♣r✐❝❡ ✴ ♣❡r❢♦r♠❛♥❝❡ s♣❛❝❡ Rn✳ ❚❤❡ s♦❧✉t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ ❢✉♥❝✲
t✐♦♥❛❧ ♦♥ ❛ r❛♥❣❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❡❤❛✈✐♦r ❛t t❤❡ ✐♥✜♥✐t②✳ ❚❤✐s
s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥ ✐s t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ♣❛②−♦✛s ♦❢ t❤❡ ♦♣t✐♦♥ ❛t t❤❡ ♠❛t✉r✐t②
t✐♠❡✳ ❲❡ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ ✐❞❡♥t✐❢② t❤✐s s❡t ❆ ✳ ❲❡ ❛r❣✉❡ t❤❛t
t❤✐s s♣❛❝❡ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❈❛✉❝❤② ♣r✐♥❝✐♣❛❧ ✈❛❧✉❡✳ ❚❤✐s ❝♦♠♣❧❡✲
t✐♦♥ ❤❛s ❜❡❡♥ ❞✐s❝❛r❞❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❤♦s❡ ✐♥t❡♥t✐♦♥ ❤❛s ❜❡❡♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❛ ♠❡t❤♦❞ ♦❢ s♦❧✉t✐♦♥ ❢♦r ❛ s♣❡❝✐✜❝ ❦✐♥❞ ♦❢ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ♠❡t❤♦❞
♣r♦✈✐❞❡s ❛ ✇❡❡❦ s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ❥✉st✐✜❡s t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s
t♦ ❝♦♥str✉❝t ❛♥② ♣r✐❝❡ ❢✉♥❝t✐♦♥ t❤❛t ❝❛♥♥♦t ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❝❧♦s❡❞ ❢♦r♠✳
■♥ t❤❡ ✜♥❛❧ s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ❞❡❧✐✈❡r ❛
❝❧♦s❡❞−❢♦r♠ ♦✉t♣✉t✳ ■♥ t❤❡ ✜rst ❡①❡r❝✐s❡✱ ✇❡ ❛r❡ ♣r♦♠♣t❡❞ t♦ ❛ ❝❛s❡ ✇❤❡r❡
t❤❡ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ❞✐❞ ♥♦t ❡♥t❡r t❤❡ ♣r✐❝✐♥❣ ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ t❤❡ ✜♥❛❧ ❜❛s✲
❦❡t ♦♣t✐♦♥ ❢♦r♠✉❧❛ ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣❧❛✐♥ ✈❛♥✐❧❧❛ ❝❛❧❧ ✴
♣✉t ♦♣t✐♦♥s ♦♥ ❡❛❝❤ s✐♥❣❧❡ ✉♥❞❡r❧②✐♥❣✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s❡q✉❡♥t ✉♣♦♥ t❤❡ s♣❡✲
❝✐✜❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣❛②−♦✉t ❢✉♥❝t✐♦♥✳ ■♥ t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡✱ t❤❡ t②♣✐❝❛❧
s✐t✉❛t✐♦♥ ❛r✐s❡s ✇❤❡r❡ t❤❡ r❡t✉r♥ ♣r♦✜❧❡ ♦❢ t❤❡ ❜❛s❦❡t ♦♣t✐♦♥ ❛t t❤❡ ❡①♣✐r❛t✐♦♥
t✐♠❡ r❡q✉✐r❡s t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♦♣t✐♦♥ ♣r✐❝✐♥❣ ❛s ❛ ❥♦✐♥t ♣r♦❜❧❡♠ ♦♥ t❤❡ s❡t ♦❢
t❤❡ ✉♥❞❡r❧②✐♥❣✳ ❲❤✐❧❡ ❡❧❛❜♦r❛t✐♥❣ t❤❡ ❡①❡r❝✐s❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ♣r✐❝✲
✐♥❣ ❢♦r♠✉❧❛ ✉s✐♥❣ ❛ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t② ❝♦♥t❡♥t ♦❢ r❡❣✐♦♥s ♦❢ Rn
✉♥❞❡r ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♣r✐❝✐♥❣ ❢✉♥❝t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞ ❛s t❤❡ χ2−♦♣t✐♦♥
❜❡❝❛✉s❡ ✐t ✐♥✈♦❧✈❡s t❤❡ ♥♦♥−❝❡♥tr❛❧ χ2 ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✐♥ t❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♦♥ ✈❛❧✉❡✳ ❯♥❞❡r t❤✐s ♣❛r❛❞✐❣♠✱ s❡✈❡r❛❧ ♦t❤❡r ♦♣t✐♦♥s
t❤❛t ❡♥❣❛❣❡ ♣r♦❜❛❜✐❧✐t② ❝♦♥t❡♥t ♦❢ r❡❣✐♦♥s ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ♠✐❣❤t ❜❡ ❡❛s✐❧②
♦❜t❛✐♥❡❞✳
✶✶
❘❡❢❡r❡♥❝❡s
❬✶❪ ❇❧❛❝❦✱ ❋✳✱ ❙❝❤♦❧❡s✱ ▼✳ ❚❤❡ Pr✐❝✐♥❣ ♦❢ ❖♣t✐♦♥s ❛♥❞ ❈♦r♣♦r❛t❡ ▲✐❛❜✐❧✐t✐❡s
✭✶✾✼✸✮✱ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ❱♦❧✳ ✽✶ ◆♦✳ ✸
❬✷❪ ❇♦❧❧❡rs❧❡✈✱ ❚✳ ●❡♥❡r❛❧✐③❡❞ ❆✉t♦r❡❣r❡ss✐✈❡ ❈♦♥❞✐t✐♦♥❛❧ ❍❡t❡r♦s❦❡❞❛st✐❝✐t②
✭✶✾✽✻✮✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s✱ ❱♦❧✳ ✸✶✿✸✵✼✲✸✷✼
❬✸❪ ❊♥❣❧❡✱ ❘✳ ❋✳ ❆✉t♦r❡❣r❡ss✐✈❡ ❈♦♥❞✐t✐♦♥❛❧ ❍❡t❡r♦s❝❡❞❛st✐❝✐t② ✇✐t❤ ❊st✐♠❛t❡s
♦❢ ❱❛r✐❛♥❝❡ ♦❢ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ■♥✢❛t✐♦♥ ✭✶✾✽✷✮✱ ❊❝♦♥♦♠❡tr✐❝❛ ✺✵✿✾✽✼✲
✶✵✵✽
❬✹❪ ●✐❧❛r❞✐✱ ●✳ ❆♥❛❧✐s✐ tr❡ ✭✶✾✾✹✮✱ ▼❝●r❛✇✲❍✐❧❧
❬✺❪ ❍❛rr✐s♦♥✱ ❏✳ ▼✳✱ ❑r❡♣s✱ ❉✳▼❛rt✐♥❣❛❧❡ ❛♥❞ ❆r❜✐tr❛❣❡ ✐♥ ▼✉❧t✐♣❡r✐♦❞ ❙❡❝✉r✐t②
▼❛r❦❡ts ✭✶✾✼✾✮✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✷✵
❬✻❪ ❍❛rr✐s♦♥✱ ❏✳ ▼✳✱ P❧✐s❦❛✱ ❙✳ ▼❛rt✐♥❣❛❧❡ ❛♥❞ ❙t♦❝❤❛st✐❝ ■♥t❡❣r❛❧s ✐♥ t❤❡ ❚❤❡✲
♦r② ♦❢ ❈♦♥t✐♥✉♦✉s ❚r❛❞✐♥❣ ✭✶✾✽✶✮✱ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞ ❚❤❡✐r ❆♣♣❧✐✲
❝❛t✐♦♥s✱ ✶✶
❬✼❪ ▼❡rt♦♥✱ ❘✳ ❚❤❡ ❚❤❡♦r② ♦❢ ❘❛t✐♦♥❛❧ ❖♣t✐♦♥ Pr✐❝✐♥❣ ✭✶✾✼✸✮✱ ❏♦✉r♥❛❧ ♦❢
❊❝♦♥♦♠✐❝s
❬✽❪ ▼✉s✐❡❧❛✱ ▼✳✱ ❘✉t❦♦✇s❦✐✱ ▼✳ ▼❛rt✐♥❣❛❧❡ ▼❡t❤♦❞s ✐♥ ❋✐♥❛♥❝✐❛❧ ▼♦❞❡❧❧✐♥❣
✭✶✾✾✽✮✱ ❙t♦❝❤❛st✐❝ ▼♦❞❡❧❧✐♥❣ ❛♥❞ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t② ✱ ❱♦❧✳ ✸✻
❬✾❪ ❘✉❜❡♥✱ ❍✳ Pr♦❜❛❜✐❧✐t② ❝♦♥t❡♥t ♦❢ r❡❣✐♦♥s ✉♥❞❡r s♣❤❡r✐❝❛❧ ♥♦r♠❛❧ ❞✐str✐❜✉✲
t✐♦♥s✱ ■ ✭✶✾✻✵✮✱ ❆♥♥✳ ▼❛t❤✳ ❙t❛t✳✱ ❱♦❧✳ ✸✶
❬✶✵❪ ❩❡♠❛♥✐❛♥✱ ❆✳ ❍✳ ❉✐str✐❜✉t✐♦♥ t❤❡♦r② ❛♥❞ tr❛♥s❢♦r♠ ❛♥❛❧②s✐s ✭✶✾✽✼✮✱ ❉♦✈❡r
✭s❡❝♦♥❞ ❡❞✐t✐♦♥✮✳
✶✷
❆♣♣❡♥❞✐①
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ▲❡t f ∈ D∗t ✱ ✇❡ ❤❛✈❡ ❋X (∂tf) = ∂tfˇ = P (iξ) fˇ ✱
♣♦ss✐❜❧② fˇt ∈ Z∗✳ ❚❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❧②♥♦♠✐❛❧ P ∈ E ✱ ❤❡♥❝❡ t❤❡ ♣❛rt✐❛❧
❋−tr❛♥s❢♦r♠ ♦❢ t❤❡ ✭✹✮ ✐s ❛ ♣❛r❛♠❡t❡r✐③❡❞ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ✇❤♦s❡
s♦❧✉t✐♦♥ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ t✐♠❡s t❤❡ ❡①♣♦♥❡♥t✐❛❧ F = eP (iξ)t✳
❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ f ❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞
s✉❜st✐t✉t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ g ∈ ❆ ✇✐t❤ ✐ts ❝✉t−♦✛ gK = χ
K
g✱ ✇❤❡r❡ χ
K
✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♣❡♥ ❜❛❧❧ B0(s) =: K ⊂ Rn✳ ❈❧❡❛r❧②✱ gK ∈ ▲ 1loc
❛♥❞ gK → g ❛s s→∞✳ ❇② t❤❡ ❈❛✉❝❤②−❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ✇❡ ❣❡t ❛❧s♦✱ ∀K∣∣〈gK , a〉∣∣ ≤ ‖ g ‖1,K‖ a ‖∞,K < +∞, ∀a ∈ {e−iξ·x}ξ∈Rn
✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ E ∋ gˇK : Rn → C ✐s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✱ ✐✳❡✳
gˇK ∈ E ∩S∗✳ ❍❡♥❝❡✱ ♣❧✉❣❣✐♥❣ t❤❡ ❋−tr❛♥s❢♦r♠ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✐♥t♦ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r✐③❡❞ ODE✱ ✇❡ ❣❡t
fˇK = F gˇK ✭✶✹✮
◆♦t✐❝❡ t❤❛t F ∈ Et ❛♥❞ Ft ∈ E ∩ S∗✱ ∀t ∈ T✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✐❢ ✇❡ s♣❧✐t t❤❡
✐♥t❡r✈❛❧ T ✐♥t♦ t✇♦ s✉❜s❡ts✱ ✇❡ s❡❡ t❤❛t ❛s Ω > 0 t❤❡♥ F ∈ S, ∀t ∈ (0, T ] ❛♥❞
t❛❦✐♥❣ t❤❡ limt→0+ F = 1 ∈ E ∩ S∗✳
❇❡❝❛✉s❡ gˇK ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥ ❛♥❞ F |t ✐s✱ ❣❡♥❡r✐❝❛❧❧②✱ ✐♥ E ∩S∗✱
∀t ∈ T✱ ✇❡ s❡❡ t❤❛t t❤❡✐r ♣r♦❞✉❝t F gˇK = fˇK ∈ E ⊂ D∗✳ ❚❛❦✐♥❣ t❤❡ ✐♥✈❡rs❡
tr❛♥s❢♦r♠ ♦❢ ❜♦t❤ s✐❞❡s✱ ✇❡ ❣❡t fK = ❋−1X
(
F gˇK
)
=
(
G ⋆ gK
)
eδt✳ ❚❤❡ ❧❛tt❡r
❝♦♥✈♦❧✉t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ❜❡❝❛✉s❡ gK ∈ ▲ 1
loc
⊂ E∗ ❛♥❞ G ∈ S∗t ✳ ❆s ✇❡ ❧❡t
s→∞ ❛♥❞ gK → g ✇❡ ♦❜t❛✐♥ fK → f ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐♥▲ 1✱ ∀t ∈ (0, T ]✱
❜❡❝❛✉s❡ G ∈ O
(
e−‖x‖
2
)
❛♥❞ g ∈ ❆ ✳ ❲❤❡r❡❛s t → 0+ ✇❡ ❤❛✈❡ G ❝♦♥✈❡r❣✐♥❣
t♦ δX ✱ t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦♣❡r❛t✐♦♥✳ ❚❤✐s
❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ✭✻✮ t♦
t❤❡ ✜♥❛❧ ♣❛②−♦✛ ✭✶✶✮ ❛♥❞ t❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ♦r❞❡r t♦ ❛❝❤✐✈❡
✐♥t❡❣r❛❧s ❛s ✐♥ ✭✶✸✮✳ ❚❤❡s❡ t②♣❡ ♦❢ ✐♥t❡❣r❛❧s ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ ❣❡♦♠❡tr✐❝❛❧
❛r❣✉♠❡♥t ♦r t❤r♦✉❣❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ♦❢ s❡❝t✐♦♥s✱ ❝❢r✳ ❬✾❪✳
✶✸
❋✐❣✉r❡ ✶✿ ✷D ❝❧❛ss✐❝ ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣t✐♦♥ ♣r✐❝❡ ✇✐t❤ t✐♠❡ t♦ ♠❛t✉r✐t② t¯ = 1.5✱
1✱ 0.5 ❛♥❞ 0.0001✳
❋✐❣✉r❡ ✷✿ τ−♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x∗ ✇✐t❤ τ = 0.5 ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① A ❛♥❞
n = 2✳
✶✹
❋✐❣✉r❡ ✸✿ ✷D χ2−♦♣t✐♦♥ t❡r♠✐♥❛❧ ♣❛②−♦✛✳
❋✐❣✉r❡ ✹✿ χ2−♦♣t✐♦♥ ♣r✐❝❡s ❛t ❞✐✛❡r❡♥t t✐♠❡ t♦ ♠❛t✉r✐t②✳
✶✺
